PRE- ALTERNATIVE ALGEBRAS AND PRE- ALTERNATIVE BIALGEBRAS 



XIANG NI AND CHENGMING BAI 



Abstract. We introduce a notion of pre-alternative algebra which may be seen as an alternative 
algebra whose product can be decomposed into two pieces which are compatible in a certain 
way. It is also the "alternative" analogue of a dendriform dialgebra or a pre- Lie algebra. The left 
and right multiplication operators of a pre-alternative algebra give a bimodule structure of the 
associated alternative algebra. There exists a (coboundary) bialgebra theory for pre-alternative 
algebras, namely, pre-alternative bialgebras, which exhibits all the familiar properties of the 
famous Lie bialgebra theory. In particular, a pre-alternative bialgebra is equivalent to a phase 
space of an alternative algebra and our study leads to what we called PA-equations in a pre- 
alternative algebra, which are analogues of the classical Yang-Baxter equation. 
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1. Introduction 

A dendriform dialgebra is a vector space D together with two bilinear products denoted by 
-<,>-: D <S> D —* D such that (for any x,y,z £ D) 

(1.1) (x -< y) -< z = x -< (y o z), (x y y) -< z = x y (y -< z), (x o y) y z = x y (y y z), 

where xoy = x~<y + xyy. The notion of dendriform dialgebra was introduced by J.-L. 
Loday in 1995 as the (Koszul) dual of the associative dialgebra, which is related to periodicity 
phenomenons in algebraic K-theory ( |Llj ). It was further studied in connection with several areas 
in mathematics and physics, including operads ( |L3] ) . homology ( |Fral] . |Fra2j ) . Hopf algebras 

2000 Mathematics Subject Classification. 17D05, 17A30, 16W30 . 

Key words and phrases. Alternative algebra, pre-alternative algebra, pre-alternative bialgebra, classical Yang- 
Baxter equation. 

1 



2 XIANG NI AND CHENGMING BAI 

( |Chaj . |Hoj . [Ron| ) . Lie and Leibniz algebras ( |Fra2j ). combinatorics ([AS1], [AS2]), arithmetic 
([L2J) and quantum field theory ([EG]). We recommend |Llj as a beautiful introduction and 
motivation of this subject. 

Moreover, for any dendriform dialgebra (D, y), the bilinear product o defines an associative 
algebra. Thus, a dendriform dialgebra may be seen as an associative algebra whose multiplication 
can be decomposed into two coherent operations. 

Furthermore, we re-examine the identity (1.1) in the following way. Let A be a vector space 
together with two products denoted by -<, >-: A A — > A. The right associator (r-associator), 
middle associator (m- associator) and left associator (I- associator) are defined respectively by 

(1.2) {x,y,z) r = (x -< y) -< z - x -< (y o z); 

(1.3) (x, y, z) m = (x y y) < z - x y (y -< z); 

(1.4) (x, y, z)i = (x o y) y z - x y (y y z), Vx, y, z G A, 

where xoy = x<y + xyy. So (D, -<, y) is a dendriform dialgebra if and only if all the above 
three "associators" are zero. 

On the other hand, alternative algebras are a class of very important nonassociative algebras 
QKSJ, [Sl-2]), which are closely related to Lie algebras ([52]), Jordan algebras ([J]) and Malcev 
algebras ([KS]), and so on. Motivated by the relations between associative algebras and alterna- 
tive algebras (see the details in section 2), it is natural to consider certain algebra structure on 
an alternative algebra as an analogue of an dendriform dialgebra on an associative algebra. So 
we introduce a notion of pre-alternative algebra, which is one of the main objects in this paper. 
Just as an alternative algebra is a generalization of an associative algebra which weakens the 
condition of associativity, a pre-alternative algebra is a generalization of a dendriform dialgebra 
which weakens the conditions of /-associativity, m-associativity and r-associativity. 

We would like to point out that there has already been a "Lie algebraic" version for rela- 
tions between associative algebras and dendriform dialgebras. That is, a class of nonassociative 
algebras, namely pre-Lie algebras (or under other names like left-symmetric algebras, Vinberg 
algebras and so on, see a survey article [Bu] and the references therein) play a similar role of 
dendriform dialgebras. Therefore, in this sense, pre-alternative algebras are just "alternative" 
analogues of pre-Lie algebras or dendriform dialgebras. 

Furthermore, Goncharov constructed a bialgebra theory for alternative algebras in [Gj . namely, 
alternative D-bialgebras. In this paper, we show that there exists a (coboundary) bialgebra 
theory for pre-alternative algebras, namely, pre-alternative bialgebras, which exhibits all the 
familiar properties of the famous Lie bialgebra theory of Drinfeld ([D])- As well as an alter- 
native D-bialgebra is equivalent to an "alternative analogue" of Manin triple ([G]. |CPj ). a 
pre-alternative bialgebra is equivalent to a phase space of an alternative algebra ( [Klj . [Bail] ). 
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In particular there also exists a "Drinfeld double" construction for a pre-alternative bialgebra 
which is previously unexpected. Moreover, There is also a clear analogue between alternative 
D-bialgebras and pre-alternative bialgebras. On the other hand, we would like to emphasis that 
the representation theory of alternative algebras and pre-alternative algebras play an essential 
role in establishing the bialgebra theories. We also would like to point out that both alternative 
D-bialgebras and pre-alternative bialgebras can be fit into the general framework of generalized 
bialgebras as introduced by Loday in |L4j . So it would be interesting to find the relations with 
Loday's question, that is, to find good triples of operads (|L4|). 

The paper is organized as follows. In section 2, we study bimodules of alternative algebras and 
introduce various methods to construct pre-alternative algebras. In section 3, we generalize the 
notion of phase space in mathematical physics ( |Klj ) to the realm of alternative algebras, and 
show that pre-alternative algebras are the natural underlying structures. In section 4, we define 
and study bimodules and matched pairs of pre-alternative algebras. In section 5, we introduce 
the notion of pre-alternative bialgebra which is equivalent to a phase spaces of an alternative 
algebra. In section 6, we show that there is a reasonable coboundary (pre-alternative) bialgebra 
theory and what we study leads to what we call PA-equations. In section 7, the properties of 
P^4-equations are discussed. In Appendix, we prove the main results in [G] by a little different 
approach and we point out that there is a Drinfeld's double construction for an alternative 
D-bialgebra, which was not given in [G] . 

Throughout this paper, all the algebras are finite-dimensional over a fixed base field k whose 
characteristic is not 2. We give some notations as follow. 

(1) Let V be a vector space. Let <B : V (8) V — » F be a symmetric or skew-symmetric bilinear 
form on a vector space V. If W is a subspace of V, then we define 



If W C W 1 - (W = W 1 - respectively), then W is called isotropic (Lagrangian respectively). 

(2) Let (A,o) be a vector space with a binary operation o : A ® A — > A. Let lo(x) and r<>(x) 
denote the left and right multiplication operator respectively, that is, lo(x)y = x (y)x = x o y 
for any x,y G A. We also simply denote them by l(x) and t(x) respectively without confusion. 
Moreover, let [<>,to : A — > gl(A) be two linear maps with x — > l<>(x) and x — > x (x) respectively. 

(3) Let V be a vector space and r = ^ Oj <S> h G V ® V. Set 

(1.6) ri2 = eg <S> bj ® 1, ri 3 = dj (8) 1 ® bj, r 2 3 = ^ 1 <8> a-i ® h, 




where 1 is a scale. If in addition, there exists a binary operation o : V <8> V — > V on V, then the 
operation between two rs is in an obvious way. For example, 



(1.5) 



W ± = {x € V\<8(x,y) = 0,Vy G W}. 
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and so on. 

(4) Let V be a vector space. Let a: V®V^V®Vbe the /Zip denned as 

(1.8) a(x ® y) = y ® Vx,y&V. 

For any r £ V <8> V, r is called symmetric (skew- symmetric respectively) if r = r(r) (r = — r(r) 
respectively). On the other hand, any r£^®V can be identified as a linear map T r : V* — > F 
in the following way: 

(1.9) r) = (u*,T r (v*)), Vu>* G F*, 

where (, ) is the canonical paring between V and V*. r G V (X 1 V is called nondegenerate if the 
above induced linear map T r is invertible. Moreover, any invertible linear map T : V* — ► V can 
induce a nondegenerate bilinear form 05 (, ) on V by 

(1.10) »(«,«) = (T- l u,v), \/u,v G V. 

Furthermore, T is called symmetric (skew- symmetric respectively) if the induced bilinear form 
05 is symmetric (skew-symmetric respectively). Obviously, the symmetry or skew-symmetry of 
both T and its corresponding r G V <8> V coincides. 

(5) Let Vi, V2 be two vector spaces and T : V\ — > V2 be a linear map. Denote the dual (linear) 
map by T* : V 2 * — > VJ* defined by 

(1.11) (v 1 ,T*(v* 2 )) = (T(v 1 ),v* 2 ), V«i€Fi,^€^ 2 *. 
On the other hand, T can be identified as an element G V2 <8> V^* by 

(1.12) <rr,t>2®*>i> = Cr(«i),i£>, V»i£^e^ 

Note that equation (1.9) is exactly the case that V\ = V 2 . Moreover, in the above sense, any 
linear map T : V± — > V 2 is obviously an element in (V2 © VJ*) <8> (V2 © V*). 

(6) Let A be an algebra and V be a vector space. For any linear map p : ^4 — > ffZ(F), define 
a linear map p* : A — > ^Z(F*) by 

(1.13) (p*(z)u*,u) = (u*,p(x)u), Vi£4,M£y,D*£ V*. 

Note that in this case, p* is different from the one given by equation (1.11) which regards gl(V) 
as a vector space, too. 

(7) Let V± and V2 be two vector spaces, we denote the elements of V± © Vi by u + v or (u, v) 
for u G Vi , v G Vi . 

(8) Let V be a vector space, we sometimes use 1 to denote the identity transformation of V. 
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2. Representation theory of alternative algebras and pre-alternative algebras 

Definition 2.1. An alternative algebra (A, o) is a vector space A equipped with a bilinear 
operation (x, y) — > x o y satisfying 

(2.1) (x,x,y) = (y,x,x) = 0, Vx,y,zeA, 
where (x,y,z) = {x o y) o z — x o [y o z) is the associator. 

Remark 2.2. If the characteristic of the field is not 2, then an alternative algebra (^4,°) also 
satisfies the stronger axioms: 

(2.2) (x!,x 2 ,y) + (x 2 ,x 1 ,y) = 0, (y, x x , x 2 ) + (y, x 2 , xi) = 0, Wx 1 ,x 2 ,yeA. 

Definition 2.3. ([SlJ) Let (A, o) be an alternative algebra and V be a vector space. Let L, R : 
A —s- gZ(F) be two linear maps. V (or the pair (L, i?), or (V, L, i?)) is called a representation or 
a bimodule of A if (for any cc, y € A) 

(2.3) L(x 2 ) = L(x)L(x), ii(x 2 ) = R(x)R(x), 

(2.4) R{y)L{x)-L{x)R{y) = R(xoy) - R(y)R(x), L(yox) - L(y)L(x) = L(y)R(x) - R(x)L(y). 

According to [S3j . (L, R) is a bimodule of an alternative algebra (A, o) if and only if the direct 
sum A®V of vector spaces is turned into an alternative algebra (the semidirect sum) by defining 
multiplication in A © V by 

(2.5) (xi + * (x 2 + v 2 ) =xiox 2 + (L{xi)v 2 + R(x 2 )vi), Vxi, x 2 G j4, vi,v 2 G V. 
We denote it by A x V or simply AkV, 

Proposition 2.4. If (V, L, R) is a bimodule of an alternative algebra (A,o), then (V*,R*,L*) 
is a bimodule of (A, o) . 

Proof. By equations (2.3) and (2.4), we have 

L(x oy)- L(x)L(y) = -L(y o x) + L(y)L(x) = R{x)L{y) - L(y)R(x), Vx, y e A. 
So for any u* € ^4*, f € V, we have 

((L*(y)R*(x) - R*(x)L*(y))u*,v) = (u*, (R(x)L(y) - L(y)R(x))v) = (u* , (L(x o y) - L(x)L(y))v) 

= (( L *(x°y)-L*(y)L*(x))u*,v). 

Hence L*(y)R*(x) - R*(x)L*(y) = L*(x oy) - L*(y)L*(x). Similarly, (R*,L*) also satisfies the 
other axioms defining a bimodule of (A, o). □ 

Definition 2.5. A pre-alternative algebra (A, -<, >-) is a vector space A with two bilinear prod- 
ucts denoted by -<,>-: A® A —* A satisfying 

(2.6) (x, y, z) m + (y, x, z) r = 0, (x, y, z) m + (x, z, y)i = 0, (y, x, x) r = (x, x, y)j = 0, Vx, y,z e A, 
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where (x, y, z) r , (x, y, z) m , (x, y, z)\ are defined by equations (1.2)-(1.4) respectively and x o y = 
x y y + x -< y. 

Remark 2.6. (1) If the characteristic of the field is not 2, then a pre-alternative algebra (A, -<, 
>-) satisfies the strong axioms (for any x,y,z € A): 

(2.7) (x, y, z) m + (y, x, z) r = 0, (x,y,z) m + (x,z,y)i = 0, 

(2.8) (x,y,z)i + (y,x,z)i = 0, (x, y, z) r + (a;, z, y) r = 0. 

(2) It would be interesting to describe free pre-alternative algebras (cf. [LI]). 

Proposition 2.7. Let (^4, -<,>-) be a pre-alternative algebra. Then the product 

(2.9) xoy = xyy + x~<y, Vx, y G A, 

defines an alternative algebra, which is called the associated alternative algebra of A and denoted 
by As(A). (A, -<,y) is called a compatible pre-alternative algebra structure on the alternative 
algebra As(A). 

Proof. In fact, for any x, y G A, we have 

[x, X, y) = (x o x) o y — x o (x o y) 

= (x o x) >- y + (x >- x) -< y + (x -< x) -< y — x y (x y y) — x >- (x -< y) — x -< (x o y) 
= (ar, ar, y) ; + (x, a;, y) m + (a;, x, y) r = 0. 

Similarly, we show that (y, x, x) = 0. □ 

Remark 2.8. Thus, a pre-alternative algebra can be seen as an alternative algebra whose 
product can be decomposed into two pieces which are compatible in a certain way. On the 
other hand, it is obvious that an associative algebra is an alternative algebra and a dendriform 
dialgebra is a pre-alternative algebra. 

If (A, o) is an alternative algebra, then (A, l ,t ) is a bimodule of A. Moreover, 

Proposition 2.9. Let (A,~<,y) be a pre-alternative algebra. Then (A,ly,x^) is a bimodule of 
the associated alternative algebra (As(A),o). 

Proof. In fact, for any x,y,z £ A, we have 

(*-<(y)ly(x) ~ ly(%)*<(y))z = {x >- z) -< y - x y (z -< y) = z -< (x oy) - (z -< x) -< y 

= (x^{xoy)-x^(y)x^(x))z. 

Similarly, (l^,r^) satisfies the other axioms defining a bimodule of (As(A),o). □ 
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Let (A, -<, >-) be a pre-alternative algebra. Then by Propositions 2.4 and 2.9, both (A*,x*, I*) 
and (A* ,t^, RL) are bimodules of the associated alternative algebra As(A). 

The following terminology is motivated by the notion of 0-operator as a generalization of 
(the operator form of) the classical Yang-Baxter equation in [K2] (also see [Bai2]). 

Definition 2.10. Let (V,L,R) be a bimodule of an alternative algebra (^4, o). A linear map 
Al : V — > A is called an Al-operator associated to (V, L, R) if 

(2.10) Al(u) o Al(v) = Al{L{Al{u))v + R(Al(v))u), Vu, v G V. 

Proposition 2.11. Let Al : V — > A be an Al-operator of an alternative algebra (A, o) associated 
to a bimodule (V,L,R). Then there exists a pre-alternative algebra structure on V given by 

(2.11) u -< v = R{Al{v))u, u>-v = L(Al(u))v, Vit, v G V. 

Therefore V is an alternative algebra as the associated alternative algebra of this pre-alternative 
algebra and T is a homomorphism of alternative algebras. Furthermore, Al(V) = {Al(v)\v £ 
V} C A is an alternative subalgebra of (A, o) and there is an induced pre-alternative algebra 
structure on T(V) given by 

(2.12) Al(u) -< Al(v) = Al(u -< v), Al(u) y Al(v) = Al(u y v), Vu,veV. 

Moreover, its associated alternative algebra structure is just the alternative subalgebra structure 
of (A, o) and Al is a homomorphism of pre-alternative algebras. 

Proof. We only prove one identity for (V, -<,>-) being a pre-alternative algebra as an example, 
the proof of the others is similar. In fact, for any u,v,w € V, 

(uyv)-<w + (v-<u)-<w = R(Al(w))L(Al(u))v + R{Al(w))R(Al(u))v, 

u y (v -< w) + v -< (u o v) = L(Al(u))R(Al(w))v + R(Al(u o w))v. 

By equations (2.4), (2.10) and (2.11), we show that 

(U, V, Vj) m + (V, U, Vj) r = (u )- v) ~< W + (v ~< u) ~< W — U >~ (v -< w) — V -< (u O v) = 0. 

The remaining parts of the conclusion are obvious. □ 

Definition 2.12. (|S1|) Let (A, o) be an alternative algebra and (V,L,R) be a bimodule. A 
1-cocycle of A into V is a linear map D : A — > V satisfying 

(2.13) D(xoy) = L(x)D(y) + R(y)D(x), Vx,y <E A. 

Proposition 2.13. Let (A,o) be an alternative algebra. Then the following conditions are 
equivalent. 

(1) There exists a compatible pre-alternative algebra structure (A,-i,>~) on (A,o). 

(2) There exists an invertible Al-operator. 

(3) There exists a bijective 1-cocycle. 
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Proof. (3) => (2) If D is a bijective 1-cocycle of (A, o) into a bimodule (V, L, i?), then D^ 1 is 
an ^/-operator associated to (V,L,R). 

(2)=> (1) If A/ : V — > ^4 is an invertible ^/-operator associated to a bimodule (V, L,R), 
then there is a compatible pre-alternative algebra structure on A given by 

(2.14) x ~< y = Al(R(y)Al- 1 (x)), x y y = Al{L{x)Al- 1 {y)), VxjeA 

(1) => (3) If (A, -<, >-) is a compatible pre-alternative algebra structure on (A, o), then it is 
obvious that the identity map id is a bijective 1-cocycle of A into the bimodule (A,l y ,t^). □ 

Example 2.14. Let (A, o) be an alternative algebra graded by positive integers, that is, A = 
(Bitz^Ai, AioAj C Ai + j. Then there is a bijective 1-cocycle associated to the bimodule (A, [ ,r ) 
defined by D{xi) = ix{ for X{ £ A{. Therefore there exists a compatible pre-alternative algebra 
structure on (A, o) given by 

x ^ x j — — 7 x % ^ x ji , x % ~~ ^ j — ~ r x % ^ x j , ^ x 'i £ -^4^ , x j -^-j ' 

Definition 2.15. Let (A, o) be an arbitrary algebra which is not necessarily associative and ui 
be a skew symmetric bilinear form on A. The bilinear form u> is called closed if uj satisfies 

(2.15) u(a o b, c) + u(b o c, a) + lu(c o a, 6) = 0, Va,6, c £ A. 

If in addition, w is nondegenerate, then uj is called symplectic. In particular, an alternative 
algebra A equipped with a symplectic form is called a symplectic alternative algebra. 

Proposition 2.16. Let (A,o,uj) be an alternative algebra with a symplectic form uj . Then there 
exists a compatible pre-alternative algebra structure "~<,y" on A given by 

(2.16) uj{x -< y, z) = uj(x, y o z), uj(x >- y, z) = uj(y, z o x), Vx, y, z G A. 

Proof. Define a linear map T : A — > ^4* by (T(x),y) = u)(x,y),\/x,y £ A Then T is invertible 
and T is a 1-cocycle of A into the bimodule (A*,t*,[*). So by Proposition 2.13, there is a 
compatible pre-alternative algebra structure "-<, >-" on A given by 

x^y = T- 1 (l* (y)T(x)), x y y = T~ l {x* {x)T {y)) , Vx,y e A. 

Thus, for any x,y e A, 

uj(x -<y,z) = (T(x -< y), z) = (l* (y)T(x),z) = uj(x, y o z), 



uj(x yy,z) = (T(x yy),z} = (t*(x)T(y), z) = u{y, zox). 
Therefore the conclusion holds. 



□ 
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3. Alternative D-bialgebras and an alternative analog of the classical 

Yang-Baxter equation 

Definition 3.1. ([G],[Z]) Let M be an arbitrary variety of k-algebras and (A, o) be an algebra 
in M with comultiplication A. Then (A, o, A) is called an M-bialgebra in the sense of Drinfeld 
if D(A) belongs to M, where D (A) = A © A* is equipped with the multiplication 

(3.1) (a + f)*(b + g) = {aob + f ■b + a-g) + (f*g + f*b + a*g), Va,6 G A, /, g G A* , 

where / • a = £ a a (1) (/, a (2 )), a • / = Ea (/> a (i)) a (2), (/ • a, 6) = (f,aob), («•/,&) = (f,boa), 
= E n a (i) ® a (2)> an d the multiplication * on A* is induced by A. In this case, -D(-A) = 
A © A* is called the Drinf eld's double for A In particular, when M is a variety of alternative 
algebras, (A, o, A) is called an alternative D-bialgebra. 

Remark 3.2. According to [G], an alternative D-bialgebra (A,o, A) is equivalent to an "alter- 
native analogue" of Manin triple ( [CP] ): there is an alternative algebra structure on the direct 
sum A® A* of the underlying vector spaces of A and A* such that both A and A* are subalgebras 
and the symmetric bilinear form on A © A* given by 

(3.2) B{x + a*,y + b*) = (a*,y) + (x,b*), Vx,y £ A,a* ,b* <E A* , 

is invariant. Recall a bilinear form B on an alternative algebra (A, o) is called invariant if 

(3.3) £>(x o y, z) = B(x, y o z), Vi,t/,z G A 

On the other hand, it is easy to show that an alternative D-bialgebra (A, o, A) is equivalent 
to the fact that (A, A*, r*, I*, r*, [*) is a matched pair of alternative algebras in the sense of 
Proposition 4.7. 

Definition 3.3. Let (A, o) be an alternative algebra and r = £^ a« © 6j G A © A. Then the 
pair (A, r) is called a coboundary alternative D-bialgebra if (A, o, A r ), where 

(3.4) A r (*) = ^ 

i i 

is an alternative D-bialgebra. 

Theorem 3.4. ([G]) Let (A,o) be an alternative algebra and r G A © A. Assume that r is 
skew- symmetric and 

(3.5) C A (r) = r 23 ° r 12 - r 12 o r 13 - r 13 o r 23 = 0. 
Then (A, o, A r ) is an alternative D-bialgebra. 

Definition 3.5. Let (A, o) be an alternative algebra and r G A© A. Equation (3.5) is called an 
"alternative analog" of the classical Yang-Baxter equation in [G"j . We also call it the alternative 
Yang-Baxter equation in (A, o). 
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Proposition 3.6. Let (A, o) be an alternative algebra and r E A ® A. Then r is a skew- 
symmetric solution of the alternative Yang-Baxter equation in (A, o) if and only if T r is an 
Al-operator associated to the bimodule (A*,x*,\£), that is, T r satisfies following equation 

(3.6) T r (a*) o T r (b*) = T r (x* (T r (a*))b* + F (T r (b*))a*), Va*, b* E A*. 
So there is a pre- alternative algebra structure on A* given by 

(3.7) a* -< b* = l* (T r (b*))a* , a* y b* = x*(T r (a*))b*, Va*, b* E A*. 

Moreover, its associated alternative algebra structure is exactly the alternative algebra structure 
on A* as a subalgebra of D(A) = A © A* which is induced from the comultiplication defined by 
equation (3.4)- We denote this alternative algebra structure on A* by A*(r). 

Proof. Let {a, e n } be a basis of A and {e*, e* } be its dual basis. Suppose that e% o ej = 
^2 c^e fc and r = ^ ■ aijei (g> ej. Hence a\j = —aji and T r (e*) = ^2 a ki&k- Then r is a solution 

k k 

of the alternative Yang-Baxter equation in (A, o) if and only if (for any i, k, t) 

^astctijCsj - a jk a st c) s - aija ks c l js = 0. 

The left hand side of the above equation is precisely the coefficient of ej in 

-T r (e* k )oT r (e* t )+T r (t* (T r (e* k ))e* t + l* (T r (e* t ))e* k ). 
Thus the first half part of the conclusion holds. It is easy to get the other results. □ 

Corollary 3.7. Let (A,o) be an alternative algebra andr E A® A. Assume r is skew- symmetric 
and there exists a nondegenerate symmetric invariant bilinear form B on (A, o). Define a linear 
map ip : A — > A* by {<p(x),y) = B(x, y) for any x,y € A. Then r is a solution of the alternative 
Yang-Baxter equation in (A, o) if and only ifT r = T r ip : A — > A is an Al-operator associated to 
the bimodule (A,l ,x ), that is, T r satisfies the following equation 

(3.8) f r (x)of r {y) =f r (f r {x)oy + X of r {y)), Vx,y E A. 
Hence there is a pre- alternative algebra structure on A given by 

(3.9) x -< y = xof r (y), xyy = f r (x)oy, Vx,y E A. 

Proof. For any x, y E A, we have 

(ip(l (x)y),z) = B(xoy,z) = B(z,xo y) = B(y,zox) = (x* (x)ip(y) , z), Vx,y,z E A. 

Hence (p(l (x)y) = x* {x)ip{y) for any x,y E A. Similarly, ip(x (x)y) = \%(x)(p(y) for any x,y E A. 
Let a* = ip(x), b* = ip(y), then by Proposition 3.6, r is a solution of the alternative Yang-Baxter 
equation in (A, o) if and only if 

T r <p(x)oTMy) = T r (a*)oT r (b*) = T r (x* (T r (a*))b* + l* (T r {b*))a*) = T r <p(T r <p(x)oy+xoT r <p(y)). 
Therefore the conclusion holds. □ 
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Remark 3.8. Equation (3.8) is exactly the Rota-Baxter relation of weight zero for an alternative 
algebra (cf. [Baxj . [R]). 

Proposition 3.9. Let (A, o) be an alternative algebra. Let (V, L, R) be a bimodule of A and 
(V* , R* , L*) be its dual bimodule. Let T : V — > A be a linear map which can be identified as an 
element in A t<R* t L* V* ® A V* . Then T is an Al-operator of A associated to (V,L,R) 

if and only if r = T — tT is a skew- symmetric solution of the alternative Yang-Baxter equation 
in A t< R * L * V* . 



Proof. Let {e\, • • • , e n } be a basis of A. Let {vx, ■ ■ ■ , v m } be a basis of V and {v*, ■ ■ ■ , v^} be 

n 

its dual basis. Set T(vi) = ai k e k ,i = !,-■■ , to. Then 

fc=i 

m m n 

T = J2 T(vi) ® v* = aikek ®v* eA®V* c{A k r «,l* V*) (A x R * jL * V*). 

i=l i=l k=l 

Therefore we have 

m 

ru o n 3 = ]T i T ^) ° T W ® v * ® v *k~ R *( T ( v i)K ® «i ® T M ~ L*(T(v k ))v* ® T( Vl ) <g> 
r 23 o na = 51 i T ( Vfe ) ® R *( T ( v i)) v *k ® "i - w fe ® T K) ° T K) ® "i + y fe ® L *( T K)K ® 

m 

i,fc=i 

By the definition of the dual bimodule, we know 

m m 

L*(T(v k ))v* = J2( v i> L ( T ( v k))vj)v*, R*(T(v k ))v* = Y,«,R(T(v k ))v 3 )v*. 
i=i j=i 

Then 

m mm 

Y T{vi) ®v* k ® L*(T(v k ))v* = Y ^2{vj,L(T(v k ))vi)T(vj) ® u * k ® v* 

i,k=l i,k=lj=l 

m m 

= T({v* jt L(T(v k ))vi) Vj )®vt®vt = Y T(L(T(v k )) Vi )®v* k ®v*. 

i,k=l i,k=l 

Hence, we get 

ru ° ri3 + ri 3 o r 23 - r 23 o r i2 
m 

= Y T ( Ufc ) " T{L{T{vi))v k ) - T{R{T{v k ))vi)} ® < ® ^ 

i,fc=l 

® {r(«i) o T(« fc ) - T{L(T(vi))v k ) - T{R{T{v k ))) Vi )} ® < 
+< ® t£ ® {T(«i) o T(« fc ) - T(L(T(vi))v k ) - T(R(T(v k )) Vi )}}. 

So r is a solution of the alternative Yang-Baxter equation in A x#* 5 l* y* if and only if T is an 
^/-operator of A associated to (V,L,R). □ 
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Proposition 3.10. ([G]) Let (A, o) be an alternative algebra and r G A® A. Suppose that r is 
skew- symmetric and nondegenerate. Then r is a solution of the alternative Yang-Baxter equation 
in A if and only if the bilinear form to induced by r through equation (1.10) is a symplectic form. 

Corollary 3.11. Let (A, -<, y) be a pre- alternative algebra. Let {e\, ■ ■ ■ , e n } be a basis of A and 
{ef , • ■ ■ , e* } be the dual basis. Then 

(3.10) r = ^(e i ®ej-ej®e<), 

i 

is a nondegenerate solution of the alternative Yang-Baxter equation in ^45(^4) K,.*^ A*. More- 
over, the symplectic form uj p induced by r through equation (1.10) is given by 

(3.11) u p (x + a*,y + b*) = (a*,y) - (x,b*), Mx,y G A,a*,b* G A*. 

Proof. It follows from the fact that T = id is an ^/-operator of As(A) associated to the bimodule 

(A,ly,t^). □ 

Proposition 3.12. Let (A,o 7 uj) be an alternative algebra with a symplectic form u. Suppose 
that there is a compatible pre- alternative algebra structure "-<, y" on A given by equation (2.16) 
and a pre- alternative algebra structure "-<<*, y* on A* given by equation (3.7), where the solution 
r of the alternative Yang-Baxter equation in (A,o) is induced by to through equation (1.10). Let 
a**b* = a* b* + a* y* b* for any a* ,b* G A* . Then there is a pre- alternative algebra structure 
"^Cb ^o" on A® A* given by (for any x,y G A,a*,b* G A*) 

(3.12) (x, a*) (y, b*) = {x^y + a* ^ b* + l* (y)a*), 

(3.13) (x, a*) y (y, b*) = (xyy + xt(a*)y, a* y* b* + x* Q (x)b*). 

Moreover, its associated alternative algebra is just the Drinfeld's double D(A) for the coboundary 
alternative D-bialgebra (A,o, A r ) 

Proof. In fact, since r is invertible, it is easy to show that (for any x, y G A and a*, b* G ^4*) 
ll(b*)x = x^ T r (b*), l* (y)a* = a ^ T^iy),^*^ = T r {a*) y y,x* (x)b* = T~ x (x) y* b*. 
So for any z G A,c* G A*, 

((x,a*) y (y,b*)) (z,c*) 
= [(x + T r (a*)) y y, {T-\x) + a*) y* b*) ^ (z, c*) 

= {{xyy)<z + {xyy)< T r {c*) + (T r {a*) y y) -< z + (T r (a*) y y) < T r (c*), 

(T-\x) y* b*) -<* T~\z) + (T-\x) y* b*) -<* c* + (a* y b*) -<* T-^z) + (a* y* b*) c*). 
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Similarly, 

{(y,b*) -<o {x,a*)) ^ {z,c*) 
= {{y -< x) < z + (y -< x) ■< T r (c*) + (y -< T r (a*)) -< z + (y < T r (a*)) -< T r (c*), 

(6* -<!* T" 1 ^)) -<U T" 1 ^) + (6* -<„ a*) -<„ T" 1 ^) + (6* -<U T" 1 ^)) ^* c* + (6* a*) -<U c*), 

(a;, a*) {(y,b*) -< (z,c*)) 
= [xy{y< T r (c*) + x y(y^z) + T r (a*) y (y -< z) + T r (a*) y (y -< T r {c*)), 

T~\x) y* (b* c*) + T-\x) y* {b* T-\z)) + a* y* (b* ^ c*) + a* y* {b* ^ T r -\z)), 

(y,b*) -<„ ({x,a*)»(z,c*)) 
= {y< (T r (a*) o T r (c*)) + ?y -< (T r (a*) -< z) + y -< (x y T r {c*)) + y -< (x o z) + y < (x ~< T r (c*)) 

+y -< (T r (a*) >- z), 6* -<* (a* * c*) + b* -<* (a* T r _1 (z)) + 6* -<* (T r -1 (a;) c*) + 

6* ^* (T" 1 ^) * T-Hz)) + b* ^ (T-\x) ^ c*) + b* ^ (a* y* T~ 1 (z))), 

where • =^o + >~o- Hence 

((x, a*) >- (y, &*)) (z, c*) + ((y, 6*) ^ (x, a*)) («, c*) 
= (x, a*) ((y, b*) c*)) + (y, 6*) ^* ((x, a*) • (z, c*)). 

By a similar study, we prove that (-<o 5 >"o) a l so satisfies equation (2.8) and the second equation 
in equation (2.7). □ 

Proposition 3.13. Let (A,o) be an alternative algebra. 

(1) For any skew- symmetric solution r of the alternative Yang-Baxter equation in (A,o), the 
Drinfeld's double D(A) for the coboundary alternative D-bialgebra (A, o,A r ) is isomorphic to 
A A* as alternative algebras. 

(2) The skew- symmetric solutions of the alternative Yang-Baxter equation in (A,o) are in one 
to one correspondence with the linear maps T r : A* — > A whose graphs 

(3.14) graph(T r ) = {(T r (a*),a*) € A k o; A*\a* e A*} 

are Lagrangian subalgebras of A x r j 5 [j A* with respect to the bilinear form given by equation (3.2). 
Consequently every alternative subalgebra which is also a Lagrangian graph(T r ) of A x r ;,[j A*, 
carries a pre- alternative algebra structure defined by (for any a*,b* £ A* ) 

(3.15) (T r (a*),a*) ~< (T r (b*),b*) = (T r (l* (T r (b*))a*),F (T r (b*))a*), 

(3.16) (T r (a*),a*) y (T r (&*),&*) = (T r (t* (T r (a*))b*)X(T r (a*))b*). 

Proof. (1) Let r be a skew-symmetric solution of the alternative Yang-Baxter equation in (A, o). 
Let the product in A*(r) be *, then by Proposition 3.6 we know a* * b* = t*(T r (a*))6* + 
[*(T r (6*)a*), for any a*, b* G A*. We claim that for any x, y <G A, a*, b* € A* we have 

(3.17) x:(a*)y + ll(b*)x = T r (a*) oy + xo T r (b*) - T r (t* (x)b* + l* (y)a*). 



14 XIANG NI AND CHENGMING BAI 

In fact, it follows from the following computations (for any c* € A*): 



(t:(a*)y + lt(b*)x,c*) = (y,c**a*) + (x,b**c*) 

= (y,x* (T r (c*))a* + C(T r (a*))c*> + (x, t* (T r (b*))c* + C(T r (c*))6*> 

= (y o T r (c*), a*) + (T r (a*) o y, c*) + (x o T r (6*), c*> + (T r (c*) o x, b*) 

= (T r (a*) oy + xo T r (b*) - T r (x* (x)b* + l* (y)a*),c*), 

where we use the fact that (T r (a*),b*) = —(a*,T r (b*)), which follows from the fact that r is 
skew-symmetric. Define a linear map A : (D(A) = A © A* , •) — > (^4 x r ;,[; ^4*)*) by 

A((x, a*)) = (T r (a*) + x, a*), Vx G A, a* £ A* . 

Then we have 

A((x, a*)) * A((y, b*)) = ((T r (o*) + x) o (T r (6*) + j/),r:(T r (o*) + x)6* + C(T r (6*) + x)o*) 

= (T r {a* * b* + r:(x)6* + l* (y)a*) + x o y + r:(a*)y + C(6*)a;, a* * 6* + 

t:(x)6* + (:(y)a*) 
= A((x,a*).(y,6*)), 

where equations (3.6) and (3.17) are used. Furthermore, it is easy to see that A is bijective. 
Therefore A is an isomorphism of alternative algebras. 

(2) First, we have \(A*(r)) = graph(T r ). So graph(T r ) is a subalgebra of A x t *,g A*. Since r 
is skew-symmetric, graph(T r ) is isotropic with respect to the bilinear form defined by equation 
(3.2). Moreover, it has a complementary isotropic algebra X(A) = A. So it is a Lagrangian 
subalgebra of A tx t *,ig A*. Conversely, let T : A* — > A be a linear map whose graph(T) is a 
Lagrangian subalgebra of At< x *^*A*. So T is skew-symmetric, that is, {T(a*),b*) = —(T(b*),a*) 
for any a*,b* G A*. Since graph(T) is a subalgebra, we have that 

(T(a*),a*)*(T(6*),6*) = (T(a*) oT(6*),t;(T r (a*))6* + C(T r (6*))a*) 

= (T r (t:(T r (a*))6* + C(r r (6*))a*),t:(T r (a*))6* + C(T r (6*))o*). 

So T(a*) o T(6*) = T(x* (T r (a*))b* + [*(T r (6*))a*). By Proposition 3.6, T corresponds to certain 
skew-symmetric solution of the alternative Yang-Baxter equation in (A, o). The last statement 
is obtained by transferring (by the isomorphism A) the pre-alternative algebra structure of A*(r) 
to graph(T r ). □ 



pre- alternative algebras and p re-alternative bialgebras 15 

4. Phase spaces of alternative algebras and matched pairs of alternative 

algebras 

Definition 4.1. Let (A,o,lo) be a symplectic alternative algebra. A is called an L-symplectic 
alternative algebra if A is a direct sum of the underlying vector space of two Lagrangian sub- 
algebras A + and A~ . It is denoted by (A, o, A + , A~ , oS). Two L-symplectic alternative alge- 
bras (A\, o, Af , Ai , LOi) and (A2, o, A£ , A^ , L02) are isomorphic if there exists an isomorphism 
(p : — > A2 of alternative algebras such that 

(4.1) ^(A+)=,4+, <^(^) = ^2> wi(a, 6) = 99*^2(0, =w 2 (^(a),v?(6)), Vo.&gAl. 

It is easy to see that a symplectic alternative algebra (A, 0,0;) is an L-symplectic alternative 
algebra if and only if yl is a direct sum of the underlying vector space of two isotropic subalgebras. 

Proposition 4.2. Let (A, o, A + , ^4~, to) be an L-symplectic alternative algebra. Then there exists 
a pre- alternative algebra structure on A given by equation (2.18) such that A + and A~ are pre- 
alternative subalgebras. Moreover, two L-symplectic alternative algebras (Ai, o, Af , A~ , tOi) (i = 
1,2) are isomorphic if and only if there exists an isomorphism of pre- alternative algebras satis- 
fying equation (4.1) which the compatible pre- alternative algebras are given by equation (2.18). 

Proof. If a,b,c € A + , then co(a -< b,c) = co(a, b o c) = 0. Since A + is a Lagrangian subalgebra 
of A, we have a -< 6 E A + ,Va,5 € ^4 + . Similar arguments apply to £ V" and A~ . So the first 
conclusion holds. It is straightforward to get the second conclusion. □ 

Definition 4.3. Let (A, o) be an alternative algebra. If there is an alternative algebra structure 
on the direct sum of the underlying vector space of A and A* such that A and A* are alternative 
subalgebras and the natural skew-symmetric bilinear form uj p on A@A* given by equation (3.11) 
is a symplectic form, then it is called a phase space of the alternative algebra A. 

Remark 4.4. The notion of phase space is borrowed from mathematical physics ( |K1| . [Bail] ). 

Proposition 4.5. Every L-symplectic alternative algebra (A, o, A + , A~ , uj) is isomorphic to a 
phase space of A + . 

Proof. Since A~ and (A + )* are identified by the symplectic form, we can transfer the alternative 
algebra structure on A~ to (A + )*. Hence the alternative algebra structure on A + A~ can be 
transferred to A + © (A + )* . Therefore the conclusion follows. □ 

Remark 4.6. By symmetry, every L-symplectic alternative algebra (A, o, A + , A~ , cu) is isomor- 
phic to a phase space of A~ . 

Proposition 4.7. Let (A, o) and (B, *) be two alternative algebras. Suppose that there are linear 
maps La,Ra ■ A — > gl(B) and Lb,Rb '■ B — > gl(B) such that (La,Ra) is a bimodule of A and 
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(Lb,Rb) is a bimodule of B and they satisfy the following conditions: 

(4.2) L B (Ass A (x)a)y + (Ass B (a)x) o y = L B (a)(x o y) + R B (R A (y)a)x + xo (L B (a)y), 



(4.3) R B (a)(x oy + yox) = R B (L A (y)a)x + xo (R B (a)y) + R B {L A (x)a)y + yo (R B (a)x), 

(4.4) R B (a)(x oy) + L B (L A (x)a)y + (R B (a)x) o y = R B (Ass A (y)a)x + x o (Ass s (a)y), 

(4.5) L B (a)(x oy + yo X ) = {L B (a)x) oy + L B (R A (x)a)y + (L B (a)y) o X + L B (R A (y)a)x, 

(4.6) LA(^4ssB(a)x)6 + (Ass^^a) * 6 = L A (x)(a * b) + R A (R B (b)x)a + a* (L A (x)b), 

(4.7) i?A(^)(a * 6 + 6 * a) = R A (L B (b)x)a + a* (i?^)^ + R A (L B (a)x)b + b* (R A (x)a), 

(4.8) i? j4 (^)(a * 6) + L A {L B {a)x)b + (i?A(x)a) * 6 = i? j4 (^sss(6)x)a + a * (Assa(z)&), 

(4.9) L^(x)(a *b + b*a) = (L A (x)a) *b + L A (R B (a)x)b + (L A (x)b) * a + L A (R B (b)x)a, 

where x,y £ A,a,b £ B, Assi = Li + Ri,i = A, B . Then there is an alternative algebra structure 
on the vector space A © B given by 

(4.10) (x+a)-k(y+b) = (xoy+L B (a)y+R B (b)x)+(a*b+L A (x)b+R A (y)a), Vx, y £A,a,beB. 

We denote this alternative algebra by A ^La'Ra ^ or s i m P^y Atxi B. Moreover, (A, B, L A , R A , 
L B ,R B ) satisfying the above conditions is called a matched pair of alternative algebras. On the 
other hand, every alternative algebra which is a direct sum of the underlying vector spaces of 
two subalgebras can be obtained from the above way. 

Proof. Straightforward. □ 

Proposition 4.8. Let (A, -<i,>-i) be a pre- alternative algebra and (As(A),o) be the associated 
alternative algebra. Suppose that there exists a pre- alternative algebra structure "~<2^2" on 
its dual space A* and (As(A*),*) is the associated alternative algebra. Then there exists an 
L-symplectic alternative algebra structure on the vector space A © A* such that (As(A),o) and 
(As (A*),*) are Lagrangian subalgebras associated to the symplectic form (3.11) if and only if 
(As(A), As(A*),x^ <1 ,ly 1 ,x^ <2 ,ly 2 ) is a matched pair of alternative algebras. Furthermore, every 
L-symplectic alternative algebra can be obtained from the above way. 

Proof. If (As(A), As(A*),x* <1 ,ly 1 ,x*_ <2 ,ly 2 ) is a matched pair of alternative algebras, then it is 

straightforward to show that the bilinear form (3.11) is a symplectic form of the alternative 
t* [* 

algebra As(A) ixi^ 2 '^ 2 As(A*). Conversely, set 

x * a* = L Q (x)a* + R*(a*)x, a* * x = L*(a*)x + R (x)a* , Vx6A,o*€i*, 
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r* [* 

where * is the alternative algebra structure of As(A) txi^* 2 '^ 2 As (A*). Then (A, A*, L Q , R , 
L* , R* ) is a matched pair of alternative algebras. Note that 

(R (x)a*,y) = (a**x,y) = -u p (y,a**x) = -uj p (xy 1 y,a*) = (\^ 1 (x)a*,y), 
(L*(a*)x,b*) = (a* *x,b*) = uj p (b*,a* *x) = uj p (b* -< 2 a*,x) = {t* <2 (a*)x,b*) 

where x, y € A, a*, b* S A*. Hence, R = [y 1 ,L Jf = x\ 2 . Similarly, L = x* <1 ,R :¥ = ly 2 - □ 

5. BlMODULES AND MATCHED PAIRS OF PRE- ALTERNATIVE ALGEBRAS 



Definition 5.1. Let (A, -<, y) be a pre-alternative algebra and V be a vector space. Let 
L^, R^, Ly, Ry : A — > gl(V) be four linear maps. V (or (L^, R^, Ly, Ry), or (V, L^>, R^, Ly, 
Ry)) is called a representation or a bimodule of A if (for any x,y € A) 

(5.1) Ly(x oy + yox) = Ly(x)Ly(y) + Ly(y)Ly(x), 

(5.2) Ry{y){L {x) + i? (x)) = Ly(x)Ry{y) + ^(x >- y), 

(5.3) R^(y)Ly(x) + R^R^x) = Ly(x)R < (y) + R^(x o y), 

(5.4) R^(y)Ry(x) + R^(y)L^(x) = Ry(x -< y) + L^(x)R (y), 

(5.5) L^(x >- y) + L^(y -< x) = Ly(x)L^(y) + L^(y)L (x), 

(5.6) My ° a:) + R<(x)L y (y) = Ly(y)Ly(x) + Ly{y)R < {x), 

(5.7) Ry(y)R (x) + R^(x)Ry(y) = Ry(x y y) + i^(y -< x), 

(5.8) Ry{x)L {y) + L^y y x) = Ly(y)Ry{x) + L v (y)L^(x), 

(5.9) R^(y)R^(x) + R^{x)R^(y) = R^x o y + y o x), 

(5.10) i?^(y)L^(x) + L^(x ^ y) = L^x)(R {y) + L (y)), 



where xoy = x~<y + xyy,L = Ly + L^, i? = i?^ + i?^. 

According to [S3], (V, L^, R^, Ly, Ry) is a bimodule of a pre-alternative algebra (A, -<,>-) 
if and only if the direct sum ^4 © V of vector spaces is turn into a pre-alternative algebra (the 
semidirect sum) by defining multiplications in A © V by (for any x,y & A,a,b & V) 

(5.11) (x+a) -< (y+6) = x -< y+L < (x)b+R < (y)a, (x+a) y (y+b) = x y y+Ly(x)b+Ry{y)a. 

We denote it by A K L^,R^,Ly,Ry V or simply AkK 
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Proposition 5.2. Let (V, L^, R^, L y , R y ) be a bimodule of a pre- alternative algebra (A, -<,>-). 
Let (As(A),o) be the associated alternative algebra. 

(1) Both (V, L^,R^) and (V, L Q = L^ + L^, R = R^ + R^) are bimodules of (As(A), o). 

(2) For any bimodule (V,L,R) of (As(A),o), (V, 0, R, L, 0) is a bimodule of (A, -<,>-). 

(3) (V*,-RZ_,Ll,BZ,-L%) is a bimodule o/ (A, -<,>-). 

Proof. We only give the proof of (3) as an example. The others are more or less straightforward. 
In fact, since (V,L ,R ) is a bimodule of As(A), R (x 2 ) = R (x)R (x) for any x G A. Hence 

Ro(x o y + y o x) = R {x)R (y) + R (y)R (x), Vx,y € A. 

So for any v G V, u* € F*, 

{R* (xoy + yox)u*,v) = (u* , R (x o y + y o x )v) = (u*,(R (x)R (y) + R (y)R (x))v ) 

= ((R* (x)R* (y) + R:(y)R* (x))u*,v). 

Therefore R*(x o y + y o x) = R* (x)R* (y) + R* (y)R* Q (x). Similarly, (-R* y , L* Q , R* , -L^) also 
satisfies equations (5.2)-(5.10). □ 

Example 5.3. Let (A, -<,>-) be a pre-alternative algebra. Then (L<, r^, l^, t>_), (0, t_<, ly, 0), 
(0, r , ^ , 0) , (0, I* , t* , 0) , (0, [* , , 0) and {-t* y , I* , t* , - 1* ) are bimodules of (A, -<, >-). 

Definition 5.4. Let (A, -<U, ^a) and (5, <b,>~b) be two pre-alternative algebras. Suppose that 
there are linear maps L <A ,R <A ,L^ A ,R >A : A — > gl{B) and L^ B , R^ B , Ly B , Ry B : B — > y/(A) 
such that the following products on the vector space A © 2? (for any x,y £ A,a,b <E B) 

(5.12) (x + a) -< (y + 5) = x -fAj + L^^j + ^^i + a 6 + L <A (x)b + R <A (y)a, 

(5.13) (x + a) >- (y + 6) = x 2/ + Ly B (a)y + R > B ( b ) x + a ^B b + L >A (x)b + R^ A (y)a, 

define a pre-alternative algebra structure. Then (A, B, L^ A , R^ A , Ly A , Ry A , L <B , R^ B , L^ B , 
Ry B ) is called a matched pair of pre-alternative algebras, and we denote this pre-alternative 
algebra by A ^L^ A lR^ A ',Lt A ,Rl A B or sim P 1 y Atxi B. 

Remark 5.5. It is not hard to write down explicitly a necessary and sufficient condition satisfied 
by the above linear maps in a matched pair of pre-alternative like Proposition 4.7, which involves 
20 equations. Since we will not use such a conclusion directly in this paper, they are omitted 
here. Note that (B, L^ A , R <A , Ly A , Ry A ) and (A, L^ B , R <B , Ly B , Ry B ) must be bimodules of 
A and B, respectively. 

Corollary 5.6. Let (A, B, L <A , R^ A ,Ly A , Ry A , L^ B , R^ B , Ly B , Ry B ) be a matched pair of pre- 
alternative algebras. Then (As(A), As(B), L <A + Ly A , R^ A + Ry A , L <B + Ly B , R^ B +Ry B ) is 
a matched pair of alternative algebras. 
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Proof. It follows from the relation between the pre-alternative algebra and the associated alter- 
native algebra. □ 

Proposition 5.7. Let (A, -<i, >-i) be a pre-alternative algebra and (As (A), oy) be the associated 
alternative algebra. Suppose there is a pre-alternative algebra structure " ^2,^2" on its dual 
space A* and (As(A*), o 2 ) is the associated alternative algebra. Then (As (A), As (A*), x*_ <i , [£_ , 
t^ 2 ,KL 2 ) is a matched pair of alternative algebras if and only if (A, A*, — t yi , [* t ,r* i; — l^, 
— 1^ 2 , l* 2 ,r* 2 , — 1^ 2 ) is a matched pair of pre-alternative algebras. 

Proof. By Corollary 5.6, we only need to prove the"only if part of the conclusion. If (As (A), 

As(A*),x^ 1 ,ly 1 ,x^ <2 , ly 2 ) is a matched pair of alternative algebras, then by Proposition 4.8, 

* [* 

As(A) M^ 2 ' ( r 2 As(B) is an L-symplectic alternative algebra with the symplectic form given by 

-<i'^-i 

r* I* 

equation (3.11). Hence there is a compatible pre-alternative algebra structure on As(A) tx\ v ~? 2 \* 2 
As(B) given by equation (2.18). Then for any x,y G A, a*, b* G A* we have 

(a* ~< x, y) = uj p (a* -< x, y) = u p (a*,x oy y) = (l* 0l (x)a*,y), 

(a* -< x,b*) = -uj p (a* -< x,b*) = -(a*, l*y 2 (b*)x) = -(b* y 2 a*,x) = (-Xy 2 (a*)x,b*). 
So a* -< x = -Xy 2 (a*)x + l 0l (x)a*. Similarly, 

x -< a* = —Xy 1 (x)a* + l 02 (a*)x,x y a* = r* 1 (x)a* — i* <2 (a*)x,a* y x = x 02 (a*)x — l* <i (x)a* . 

Therefore (A, A*, — rj_ 1 , £ i; r* l5 — 1! <1 , — 1£ 2 , lZ 2 ,z% 2 , — 1% 2 ) is a matched pair of pre-alternative al- 
gebras. □ 

6. Pre-alternative BIALGEBRAS 

Theorem 6.1. Let (A, -<,>-, a, (3) be a pre-alternative algebra (A, -<,>-) equipped with two co- 
multiplications a, (3 : A — > A <g) A and (As(A), o) be the associated alternative algebra. Suppose 
that a*, (3* : A* <g> A* — > A* induce a pre-alternative algebra structure >-*" on its dual space 
A*. Then (As(A), As(A*),xZ < , ^,tt/„, a matched pair of alternative algebras if and only 

if a, (3 satisfy the following eight equations (for any x,y € ^4^: 

(6.1) a(x o y + y o x) = (x (y) ®l + l® ly(y))a(x) + (x Q (x) ® 1 + 1 <8> l^(x))a(y), 

(6.2) /3(xoy + y ox) = (t^(j/) <8> 1 + 1 (8) [ (y))/3(x) + (t x (x) ® 1 + 1 ® l o (x))0(y), 

(6.3) a(x o y) = (1 ® r x (x) + 1 <g> l x (x) - [ (x) <8> l)a(y) + (r (y) ® l)a(x) + (t (y) <g> 1 - 1 <g> ly (j/))r/3(x), 

(6.4) /3(x oy) = (ly(y) ® 1 + t^(y) ® 1 - 1 ® r c (y))/3(x) + (1 ® t (x))/3(y) + (1 ® l (x) - t x (x) ® l)ra(y), 
(6.5) 

(a + /3)(x -< y) = (Kg,l^(x))(Ta + /3)(y) + (x^(y)(g,l + l y (y)®l-l®x^(y))(a + l3)(x)-(xy(x)<S>l)Tp(y), 
(6.6) 

(a + (3)(xyy) = (xy (y) ® 1) (a + T 0) (x) + (1 ® I>_ (x) + 1 ® r x (x) - [>. (x) ® 1) (a + /?) (y) - (1 ® L< (y))ra(x) , 
(6.7) 

(a+(3+Ta+Tl3)(x y y) = (xy(y)®l)a(x)+(l®ly(x))(a+/3)(y)+(l®Xy(y))Ta(x)+(ly (x)®l)(ra+T/3)(y), 
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(6.8) 

(a+f3+Ta+Tf3){x -<y) = (l®^(x))/3(y) + (r^(j/)«)l)(a+/3)(a ; ) + (^(a ; )®l)T/3(y) + (l®r^(y))(ra+T/3)(x). 

Proof. By Proposition 4.7, we just need to prove equations (6.1)-(6.8) are equivalent to equations 
(4.2)-(4.9), where (A,B,L a ,R a ,L b ,Rb) is replaced by (As(A),As(A*),xZ,, As an 

example, we give an explicit proof of the equivalence between equations (4.2) and (6.3). The 
proof of the others is similar. In fact, in this case, equation (4.2) becomes 

<«(x)a* + t(x)a*)y + (t* (a*)x + £(a» oy = <(a*)(xoy) + £(£(y)a> + x o (t* (a*)y), 

where x,y G A, a* G ^4*. Let both the left-hand side and the right-hand side of the above 
equation act on b* G A*, we have 

(LHS, b*) = {t*^(x)a* + l y (x)a*)y + (t^(a*)x + l y (a*)x)oy,b*) 

= (y,b* ~< «(x)a* + ^(x)a*)) + «(a*)x + ^(a*)x,t;(y)6*) 

= (a(y), b* ® < (x)a* + 6* <g [* (x)a*) + (a(z), ® a*) + (/3(x), a* ® rS(y)6*> 

= ((1 ® r^(x) + 1 (g) L_(x))a(y) + (t (y) ® l)(a + t(3){x), b* <g> a*); 

(Aff5,6*) = <a;o J/ ,6*-!a*) + (a;,(^( J /)a*)^6*) + <t! < (a*) J /,C(a:)6*) 

= (a(x o y), 6* ® a*) + (f3(x), l* y (y)a* ® 6*) + (a(y), C(x)6* ® a*) 
= (a(s o y) + (1 g> l y (y)) T f3(x) + (l (x) l)a(y), b* <g> a*). 

So equation (4.2) holds if and only if equation (6.3) holds. □ 

Definition 6.2. (1) Let (A, a, (3) be a vector space with two comultiplications a, (3 : A — > A® A. 
If (A, a*, /?*) becomes a pre-alternative algebra, then we call the triple (A, a, (3) a pre- alternative 
coalgebra. 

(2) If (A, -<, a, /3) is a pre-alternative algebra (A, -<, y) with two comultiplications a, (3 : A — > 
A <g) A such that (A, a,/?) is a pre-alternative coalgebra and a,/3 satisfy equations (6.1)-(6.8), 
then (A, -<, >-, a, /3) is called a pre-alternative bialgebra. 

Combining Propositions 4.8, 5.7 and Theorem 6.1, we have the following conclusion: 

Corollary 6.3. Let (A, -<i,>-i) be a pre-alternative algebra and (As(A), o±) be the associated 
alternative algebra. Let a, f3 : A ^ A ® A be two linear maps such that a* , (3* : A* <S> A* C 
(A (g) A)* — > A* induce a pre-alternative algebra structure on A* denoted by "^2>^2"; that is, 
(A, a, (3) is a pre-alternative coalgebra. Let (As(A*), o 2 ) 6e £/ie associated alternative algebra of 
(A*, -<2, >~2)- Then the following conditions are equivalent: 

(1) (As(A) xi ^4s(^4*), As(A), As(A*), uj p ) is an L-symplectic alternative algebra (or a phase 
space of As (A)), where u p is given by equation (3.11); 

(2) (As(A), As(A*),xZ <1 ,ly 1 ,x*_ <2 ,ly 2 ) is a matched pair of alternative algebras; 
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(3) (A, A*, — ty 1 , l^jt^, — — xt_ 2 , it 2 ,tl 2 , — IZ, 2 ) is a matched pair of pre- alternative alge- 
bras; 

(4) (A, -<i, >~i, a, P) is a pre- alternative bialgebra. 

Definition 6.4. Let (A, -<a, >-a, a A, Pa) and (B, ~<b,^b,(xb, Pb) be two pre-alternative bial- 
gebras. A homomorphism of pre-alternative bialgebras ip : A — > B is a homomorphism of 
pre-alternative algebras such that 

(6.9) (ip®<p)a A (x) = a B {<p(x)), {<p <g> (p)0a(x) = Pb(v(x)), VieA 

Proposition 6.5. Two L-symplectic (hence phase spaces of) alternative algebras are isomorphic 
if and only if their corresponding pre-alternative bialgebras are isomorphic. 

Proof Let (As(A) x As(A*), As(A), As(A*), uj p ) and (As(B) X As(B*), As(B) , As(B*) , uj p ) be 
two L-symplectic alternative algebras and ip : As (A) x As (A*) — > As(B) x As(.B*) is the 
isomorphism. Then <p\a ■ A — > B and v?U* : A* — > 5* are isomorphisms of pre-alternative 
algebras due to Proposition 4.2. Moreover, = (lp\a)*~ 1 since 

((p| J 4*(a*),< / c(a;)) = u} p ((p\ A *{a*),ip(x)) = u p (a*,x) = (a*,x) = (^*(^|A)* _1 (a*), x) 
= ((<p\ A y-\a*),<p{x)), VxeA,a*£A*. 

So (ip\a)* ■ B* — > ^4* is a homomorphism of pre-alternative algebras and then (A, -<a, >~a 
,cxa,Pa) and (B,~<b,>-b,o>b, Pb) are isomorphic as pre-alternative bialgebras. Conversely, let 
(A, -<a, >~A, Ola, Pa) and (B, -<b,>~b, &b, Pb) be two isomorphic pre-alternative bialgebras, and 
ip' : A — > B be the isomorphism. Let ip : A © A* — > B © B* be a linear map defined by 

tp(x)=(f/(x), ip(a*) = ((f/*)-\a*), Vx£A,a*eA*. 

Then it is easy to show that ip is an isomorphism of the two L-symplectic alternative algebras 
(As(A) x As(A*),As(A),As(A*),Lo p ) and (As(B) x As(B*), As(B), As(B*),lo p ). □ 

Example 6.6. Let (A, ~<,y, a, P) be a pre-alternative bialgebra. Then its dual (A, -<*, >-*, 
7, 5) is also a pre-alternative bialgebra, where the pre-alternative algebra structure -<,>- on A is 
defined by the linear maps 7*, 5* : A<£> A — > A and a*,/3* : A*<S>A* — > A* induce a pre-alternative 
algebra structure on A* denoted by " -<*, ^* ". 

Example 6.7. Let (A, -<,>-) be a pre-alternative algebra. Then (A, -<,>-, 0,0) is a pre- 
alternative bialgebra, and the corresponding pre-alternative algebra structure on A © A* is the 
semi-direct sum A K-tJL^tS.-e, A*. Moreover, its corresponding associated alternative algebra 
is the semi-direct sum As (A) K t * ^ A* with the symplectic form uj p given by equation (3.11). 
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7. COBOUNDARY PRE- ALTERNATIVE BIALGEBRAS 

Definition 7.1. A pre-alternative bialgebra (A, -<, y, a, /?) is called coboundary if the linear 
maps a, /3 : A — > ^4 <g> ^4 are given by 

(7.1) a(x) = (to (a;) <8> 1 - 1 ® ly(x))r<, 

(7.2) /3(a;) = (1 <8) l Q (x) - t^(x) ® l)r y , 
where xoy = x^y + xyy,x,y£A and , 7y £ A® A. 

Remark 7.2. The expression of equations (7.1)-(7.2) and equations (6.1)-(6.2) looks like certain 
kind of "1-coboundary" and "1-cocycle". 

Theorem 7.3. Let (A, -<, >-) be a pre-alternative algebra with two linear maps a, (3 : A — > ^4(8)^4 
defined by equations (7.1) and (7.2) respectively. If r^> = r y = r € A <g> A and r is symmetric, 
then a, (3 satisfy equations (6.1)-(6.8). 

Proof. It is obvious that a, (3 automatically satisfy equations (6.1) and (6.2). For equations 

(6.3) -(6.8), as an example, we give an explicit proof of the fact that a, (3 satisfy equation (6.5) 
since the proof of the other cases are similar. Assume r = J2i u i ® Vi € A® A. After rearranging 
the terms suitably, we have that (note that we use the fact that r is symmetric) 

(a + 0)(x ~< y) - (1 ® U(x))(Ta + 0)(y) - (t^(y) ® 1 + ® 1 - 1 ® t^(y))(a + 0){x) 
+ (x y (x)®l)T(3(y) 

= '^{ui o (x -< y) ® Vi - Ui -< (x -< y) <£> Vi - (uj o x) -< y <g> Vi + (uj -< x) -< y ® vi 

i 

-y y (ui o x) <g> Vi + y y (nj -< x) (8 V{ + (y o Uj) y x <g> V{ - U{ <8> (x -< y) y V{ 

+Ui <S> (x -< y) o Vi - Ui <S> x -< (vi o y) - m <g> x -< (y o t;,) - Ui <S> (x y Vi) -< y 

+Ui ® (x o Vi) -< y + y y Ui <S> x -< Vi + y y Ui ® x y Vi — y y Ui x o Vi + Ui -< y (g> x -< Vi 

+Ui -< y x y Vi — Ui < y ® x o Vi + Ui o x ® Vi ~< y — Ui ~< x Vi ~< y — Ui y x ® Vi ~< y}. 

The sum of the first seven terms is zero since it equals to 

^[ui y (x ^ y) - (m y x) ^ y - y y (m y x) + (y o Ui) y x] Vi = 0. 

i 

The sum of the 8th-13th terms is zero since it equals to 

^2 Ui <g> [(x ~< y) -< Vi - x -< (y o Vi) - x ~< (vi o y) + (x ~< vi) -< y] = 0. 

i 

The sum of the 14th-16th terms, the sum of 17th-19th terms and the sum of the last three terms 
are all zero obviously. □ 
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Lemma 7.4. Let A be a vector space and a, (3 : A — > A 8> A be two linear maps. Then (A, a, (3) 
is a pre- alternative coalgebra if and only if the linear maps S l a @ : A — > A <g>A®A (i E {1, 2, 3, 4}) 
given by the following equations are all zero: (for any x € A) 

(7.3) Sl tf) (x) = ((a + (3) ®l)[3(x) + (t ®l)({a + f3)®l)f3(x) - (1® f3)[3(x) - (t f3)[3(x), 

(7.4) Sl^{x) = {/3® l)a(x) + (r ® l)(a ® l)a(x) - (1 <8 a)/?(x) - (r ® 1)(1 ® (a + 0))a(x), 

(7.5) fig )/3 (x) = ((a + (3) ® l)/?(x) + (1 <8 r)(/3 <8 l)a(x) - (1 ® /?)/3(x) - (1 ® r)(l <8 a)/?(x), 

(7.6) fi^ )/3 (x) = (a ® l)a(x) + (1 ® r)(a® l)a(x) - (1 ® (a + /3))a(x) - (1 ® r)(l ® (a + /3))a(x). 

Proof. It follows immediately from the definition of pre-alternative algebra (cf. Remark 2.6). □ 

Definition 7.5. Let (A, -<,>-) be a pre-alternative algebra and (As(A),o) be the associated 
alternative algebra. Let r G i ® A. The following equations are called P Ay equations (i = 
1,2, j = 1,2,3) respectively: 



(7.7) 


PA} 


= ri2 o r 13 


- r 23 y r 12 


- ri 3 -< r 23 


= 0, 


(7.8) 


PA? 


= ri3 o r 12 


- ri2 ~< r 23 


- ^23 >" J"i3 


= 0, 


(7.9) 


pa\ 


= ru o r 23 


- r 23 -< r 13 


- ri 3 >- r i2 


= 0, 


(7.10) 


PAl 


= r 23 ° r i2 


- ri3 y r 23 


- H2 -< J"i3 


= 0, 


(7.11) 


PAl 


= ri3 o r 2 3 


- ri2 y ri3 


- r-23 -< J"12 


= 0, 


(7.12) 


PA 2 3 


= r 23 o n 3 


- J"i 3 -< ri2 


- r 12 y r 23 


= 0. 



We set PAj = PA] + PA|, where j = 1, 2, 3. All PA*-equations (i = 1, 2, j = 1, 2, 3) are called 
PA-egwaiions. 

Proposition 7.6. Let (A, -<,>-) &e a pre-alternative algebra and (As(A),o) 6e £/ie associated 
alternative algebra. Let r £ A <® A be symmetric. Let a, (3 : A — > A <g> A 6e too linear maps 
given by equations (7.1) and (7.2) respectively, where r < =r > = r. Then (A, a, (3) becomes a 
pre-alternative coalgebra if and only if the following equations holds: (for any x € A) 



(7.13) - (1 ® 1 ® l (x))PA 3 + (1 <8 t^(x) <8 1)PA§ + (t^(x) (8) 1 <8> l)PA\ = 0, 

(7.14) -(1®1® ^_(x))PA 2 + (1 ® t (x) (8) 1)PA^ + (t x (x) (8) 1 ® 1)PA^ = 0, 

(7.15) (t^(x) (8 1 (8 1)PA 3 -(101® l Q (x))PA^ - (1 <8 ^(x) (8 1)PA§ = 0, 

(7.16) (t (x) <8 1 ® l)PAi - (1 ® U_(x) ® 1)PA? - (1 (8 1 <8 [^(x))PAj = 0. 
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Proof. We give an explicit proof of the fact that equation (7.13) <J=> 5* g = as an example. By 
a similar study, we can show that 

equation (7.14) 44> S^ g = 0, equation (7.15) 44> 5^ g = 0, equation (7.16) <3> S a g = 0. 

In fact, set r = Y^ u i ® v i- Substituting 

i 

a(x) = Ui ° x ® Vi — Ui ® x >- Vi, (3{x) = Uj ® x o u^ — Uj -< x ® Uj, Vx G j4, 

i i 

into equation (7.3) and after rearranging the terms suitably, we divide 5* g into three parts: 

S 1 ^ = (51) + (52) + (53), 

where 

(51) = ~^2{Ui ° Uj ® Uj ® X O Vj — Ui® Uj >~ Vi ® X O Uj + Uj ® Uj O Uj ® X O Vj 

— Ui < Uj ® Vi® X O Vj + Vi ® Ui O Uj ® X O Vj — Uj >~ Vi ® Ui ® X O Uj 
+ Uj O Uj ® Uj ® X O Vj — Vi ® Ui < Uj ® X O Vj — Uj ® Ui ® (x O Vj ) O Uj 

— Ui ® Uj ® {X O Uj) O Uj}. 

(52) = ^^{"Uj ® (Uj -< x) y Vi ® Vj — Ui® (Uj -< x) O Vi ® Vj — Vi® Ui O (Uj -< x) ® Vj 

+ Vi ® Uj ^ {Uj -< x) ® Vj + Uj ® Uj ^ (x O Vj) ® Vi + Ui ® Uj -< X ® Vj O Vi 

— Ui -< Vj ® Uj -< X ® Vi}, 

(53) = ^^{ — u i ° (% X) ® Vi ® Vj + Ui -< (Uj -< x) ® Uj ® Uj + (tfj -< x) >- Vi ® Ui ® Vj 

— (Uj -< x) O Vi ® Ui ® Uj + Uj -< X ® Ui ® Uj O Uj — Uj -< X ® Ui -< Vj ® Uj 

+Uj -<! (x o Uj) ® Uj ® Uj}. 
Since r is symmetric and by Remark 2.6, we have 

(51) = -(1® 1® l (x))PA 3 , (52) = (l®t x (x) ® l)PA\, (53) = (t x (x) ® 1 ® 1)PA£. 
Therefore the conclusion holds. □ 

Theorem 7.7. Let (A, -<, >-) 6e a pre- alternative algebra and r £ A ® A be symmetric. Let 
a, (3 : A ^ A ® A be two linear maps given by equations (7.1) and (7.2) respectively, where 
r^ = ?y = r. T/ten (A, -<, y,a,/3) is a pre- alternative bialgebra if and only if equations (7.13)- 
(7.16) are satisfied. 

Proof. It follows from Theorem 7.3 and Proposition 7.6. □ 
Next we give a Drinfeld's "double" construction ([CP]) for a pre-alternative bialgebra. 
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Theorem 7.8. Let (A, -<, y,a,(3) be a pre- alternative bialgebra. Then there is a canonical pre- 
alternative bialgebra structure on A © A* such that both the inclusions i\ : A — > A © A* and 
i2 : A* — > A © A* into the two summands are homomorphisms of pre- alternative bialgebras, 
where the pre- alternative bialgebra structure on A* is given in Example 6.6. 

Proof. Denote the pre- alternative algebra structure on A* induced by a* and (3* by and 
respectively, and its associated alternative algebra structure by *. Let r G A © A* C 
(A © A*) © (A © A*) correspond to the identity map id : A — > A. Then the pre-alternative 
algebra structure -<:., y, on A © A* is given by VAV(A) = A ><-t* *t**t**i[*" < * -4*, that is 

x -<» y = x -< y, x ^, y = x >- y, a* 6* = a* 6*, a* >~. 6* = a* 6*, 
x -<. a* = — ty(x)b* + [*(a*)x, x a* = r*(x)a* — l^,(a*)x, 

a* -<. x = -r^(a*)x + l*(x)a*, a* ^. x = r*(a*)x - ^(x)a*, Vx,y G A,a*,6* G A*. 

We shall denote its associated alternative algebra structure by •. Let {ej, e n } be a basis of v4 
and {el, ...e* } be its dual basis. Then r = ^ ej © e*. Next we prove that 

o/-vad{u) = (r D (n) © 1 - 1 © U-(u))r, and (3-pav{u) = (1 © (o(«) - t^(u) © l)r, 

induces a (coboundary) pre-alternative bialgebra structure on A@A*. Since r is not symmetric 
we cannot apply Theorem 7.7 directly. Instead, We shall prove that a-pAV and Pvav satisfy 
equations (6.1)-(6.8) and the conditions of Lemma 7.4. For the former, we give an explicit proof 
of the fact that a-p^v and (i-pAV satisfy equation (6.3) as an example (the proof of the others is 
similar). In fact, we only need to prove 

(t (y) © 1 - 1 © [^(y))([ (x) © 1 - 1 ©r^(x))(r - rr) = 0,Vx G A. 

We can prove the above equation in the following cases: (I) x,y G A; (II) x,y G A*; (III) 
x G A, y G A* and (IV) x G A*, y G A. As an example, we give an explicit proof of the first case 
(the proof of the others is similar). Let x = a, y = ej, then the above equation becomes 

^{(ej • 4) • ej ®e k -e* k » ej © e k -<. ej - e, • 4 ® ej ^. e fc + e£ © ej ^. (e fc -<I. ej)} 
fc 

(*) = ^{(^ * e fc) * e i ® 4 - e fc • e i ® 4 ej - ej • e fc © ej ^. e£ + e fc © ej ^. (ejj -<. e*)}. 

The coefficient of e m © e n on the left hand side of the above equation (*) is 

2^{<(ei • e*) • e i5 e^) - (e* k • ej, e* m ){e k -<. e^e^) - (ej • e* k , e* m ){ej y, e k ,e* n )} 
k 

= J2{(e* n ,e k ~< ei){ej,e* m -<„ e^} + (ei,< ^* 4)( e fc ° e j> e m) - (ej,e* m ^ e* k ){e k -< e h e* n ) 
k 

— {ei,e k e* m ){ej >- efc,e*)} 
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The coefficient of e m ® e n on the right hand side of the equation (*) is 

^{-{e k •e j ,e* m )(e* k -<. ei ,e* n ) - (a • e k , e* m ) (ej y, e* k ,e* n ) + (ej y. (e* m -<. ei),e* n )} 
k 

= ^{{ e k°ej,e* m ){ei,e* n y* e%) + {e { o e fe , e^) (ej, e* k -<„ e* n ) - (ej y e k ,e* n )(ei,e* k y* e* m ) 
k 

-(ej,e* k -<„ e*)(e^,ei oe fc )}. 

So the coefficients of e m ® e n on the both sides of the equation (*) are the same. Similarly, the 
coefficients of e^ ® e n , e m ® e* and e^ ® e* on both sides of the equation (*) are the same. 

On the other hand, we prove that S l avAT> p TATI = 0,i = 1,2,3,4. As an example we give 
an explicit proof of the fact that /3 PAT , = ®- ^ n ^ ac *> * ne coefficient of e m ® e n ® e p in 

-(ej y, e* m , e* n ){e k • e*, e* p ) + {ej • e* m , e* n )(e k • e*, e*) - (e, e*, e^)(e fc • e*, e^} 
• e* , e^)(e fc • e*, e*) - <(e fe • e^) • e£, e*) - ({e k • <£) • e* m , e p ) 
= ( e ji e m ^* e* n )(e k ,e* y* e*} + (e^e^ y* e* n ){e k ,e* y* e*} + (e,-,e* -<!* e^)(e fc ,e* ^* e*) 

+<ej, < ^* e^)(e fc , e* ^* e* p ) - (e k • (e„ * e* + e* * O. e p) 
= ( e fc, ( e m * < + e* * e* m ) y. e* p - (e* m *e* n + e* n * e* m ) y. e* p ) = 0. 

Similarly, the coefficients of e* m ® e n ® e p , e m ® e* ® e p , e^ ® e* ® e p , e m ® e n ® e*, e^ ® e n ® 
e;, e m ® e* ® e£ and ® e* ® e* in S^^^ (e fc ) are all zero. Therefore, S^^^ (e fc ) = 0. 
By a similar study, "S^ ^ /3 VAT ,(. e k ) = 0- Hence VAT>(A) is a pre-alternative bialgebra. 
For ej G A, we have 

a-p^D(ei) = oej ® e* - e^- ® ej ^. e* 

= X] e J ° ei ® e *3 ~ e i ® e ™^ e i' e ™ ° e «) + e i ® e ™( e *> e j ^* e *m) 

j,m 

= ^2( e i' e j ^* e m) e j ® e m = a(ej). 

Similarly we have (3vAv{&i) = /?(ej), so the inclusion i\ : A — > ^4 © ^4* is a homomorphism of 
pre-alternative bialgebras. Similarly, the inclusion t2 : A* ^ AQ) A* is also a homomorphism of 
pre-alternative bialgebras. □ 

Definition 7.9. Let (A, -<,y,a, (3) be a pre-alternative bialgebra. With the pre-alternative 
bialgebra structure given in Theorem 7.8, A © A* is called a Drinf eld's symplectic double of A. 
We denoted it by VAV(A). 



Proposition 7.10. Let (A, -<,y,a, (3) be a pre-alternative bialgebra with a, (3 defined by equa- 
tions (7.1) and (7.2), where r^=ry=r£A®A and r is a solution of PA- equations. Then 
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T r is a homomorphism of pre- alternative bialgebras from the pre- alternative bialgebra given in 
Example 6.6 to (A, -<,>-, a, (3). 

Proof. Note that (1 <8> a)r = m < ?T3 and (a <8> l)r = ri3 -< r2z- Denote the pre-alternative 
algebra structure on A* induced by a* and (3* by ^* and y* respectively and the pre-alternative 
algebra structure -<, y on A is defined by the linear maps 7*, 5* : A <S> A — > A respectively. Then 

T r (a* 6*) = (1(g) (a* -<* &*),r) = (1 ® a* ® 6*, (1 ® a)r) - (1 <8> a* ® 6*,r 12 -< r 13 ) = T r {a*) -< T r (b*), 

(T r ®T r ) 7 (a*) = (l(g)l®a*,ri3 -< r 23 ) = (1 ® 1 ® a*) (a <g> l)r = a(T r (a*)), 
where a*, 6* G A*. Similarly we have T r (a* y* b*) = T r (a*) y T r (b*) and (T r ®T r )5(a*) = 
(3(T r (a*)). So the conclusion holds. □ 

8. PA-EQUATIONS AND THEIR PROPERTIES 

The simplest way to satisfy the conditions of Theorem 7.7 is given as follows. 

Proposition 8.1. Let (A, -<, y) be a pre-alternative algebra and r G A ® A be symmetric. Let 
a, (3 : A — > A ® A be two linear maps defined by equations (7.1) and (7.2). Then (A, y, a, (3) 
is a pre-alternative bialgebra if r satisfies PA-equations. 

Proposition 8.2. Let (A, -<,>-) be a pre-alternative algebra and (As(A), o) be the associated 
alternative algebra. Let r G A <g) A be a symmetric solution of PA-equations in A. Then the 
pre-alternative algebra structure "-<,, y, " on the Drinfeld's symplectic double VAV(A) is given 
as follows: 



(8.1) a* b* = a* -«„ b* = r o (T r (b*))a* - x* y (T r {a*))b* , 

(8.2) a* y. b* = a* y* b* = x* (T r (a*))b* - [%(T r (b*))a* , 

(8.3) x a* = x -< T r {a*) + T r «(x)a*) - <(x)a*, 

(8.4) x y. a* = t* Q (x)a* - T r (x* (x)a*) + xy T r (a*), 

(8.5) a* -<. x = -T r (l* (x)a*) + T r (a*) ^x + l* (x)a*, 

(8.6) a* y. x = T r (a*) yx + T r (l%(x)a*) - \\(x)a\ 



where x G A, a*, b* G A* , the pre-alternative algebra structure on A* is denoted by "-<*, y*" and 
the associated alternative algebra structure on As{A*) is denoted by "*". 

Proof. Let {ei, e n } be a basis of A and {e^, e* } be its dual basis. Suppose that 

6j Cjr = ^ ^ c-ij&ki &i ^~ = ^ ] ^jj^fc, r = ^ ^ aijei <8> Cj, Ojj = Ojj. 
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Then T r (e*) = ^a k ie k . Thus (for any k,l) 
k 

4 ^* 4 = J^{(4 ® 4, a(e s ))e:} = ^{^(4 + d k is ) - a ki d l si }e* s 

s i y s 

= ^2{au(eioe s ,e* k ) - e ki (e s y ei,ej)}e* = l* (T r (e*))e* k - ty(T r (e%))e* . 

i,s 

So equation (8.1) holds. Similarly equation (8.2) holds. Therefore 

^M)e m = ^(e m , e ^, e :)e s = ^( em ,[:(T r ( e :)K-<(r r ( e ^)) e :)e s 

s s 

= Yj^4) ° e m , e* k )e s - (e m y T r {e* k ),e* s )e s = T r (t* (e m )e* k ) - e m y T r (e* k ). 

s 

Therefore equation (8.4) follows from the fact that e m y, e* k = t*(e m )e£ — f!< (e£)e m . Similarly, 
we can get the other equations. □ 

Proposition 8.3. Let (A,-<,y) be a pre- alternative algebra and (As(A),o) be the associated 
alternative algebra. Let r 6 A <S> A be symmetric. Then r is a solution of one of PA^- equations 
(i = 1,2, j = 1,2, 3) if and only if T r satisfies 

(8.7) T r (a*)oT r (b*) = T r (t*^(T r (a*))b* + l* y (T r (b*))a*), Va*,b*eA*, 

that is, T r is an Al-operator of As (A) associated to the bimodule (A* ,tl,,it_). So in this case 
PA^- equations (i = 1,2, j = 1,2,3) are all equivalent. Moreover, if r is a solution of one of 
PA 1 -- equations (i = 1, 2, j = 1, 2, 3), then there is a pre- alternative algebra structure on A* given 
by 

(8.8) a* ~< b* = r y (T r (b*))a*, a* y b* = x*^(T r (a*))b* , Va*, b* € A*. 

The associated alternative algebra structure ^45(^4*) is the same as the one given by equations 
(8.1) and (8.2) which is induced by r in the sense of coboundary pre- alternative bialgebras. 

Proof. It follows from a similar proof as of Proposition 3.6. □ 

Definition 8.4. Let (A, -<, y) be a pre-alternative algebra. A bilinear form B : A ® A — > k is 
called a 2-cocycle of A if 

(8.9) B{xoy,z) = B(x,y y z) + B(y,z < x), Vx,y,zeA. 

Proposition 8.5. Let (A,-<,y) be a pre-alternative algebra and (As(A),o) be the associated 
alternative algebra. Let B be a 2-cocycle of (A, -<, y). Then the bilinear form uj defined by 

(8.10) u(x,y)=B{x,y)-B{y,x), Vx,y e A, 
is a closed form on As(A). 

Proof. Straightforward. □ 
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Proposition 8.6. Let (A, -<, >-) be a pre- alternative algebra and r G A (g> A. Suppose that r is 
symmetric and nondegenerate. Then r is a solution of one of PA 1 - -equations (i = 1, 2, j = 1,2,3) 
in (A, -<,y) if and only if the (nondegenerate) bilinear form B induced by r through equation 

(1.10) is a 2-cocycle of (A, -<, >-). 

Proof. Let r = J2i a i ® Since r is symmetric, we have J2i a i ® h = ® ®i- Therefore 

T r (v*) = J2i(v*,ai)bi = J2i( v *iW a i f° r an y v * e A*. Since r is nondegenerate, for any x,y,z € 
A, there exist u*,v*,w* <G A* such that x = T r (u*), y = T r (v*), z = T r (w*). Therefore 

B{x,zoy) = (u*,T r (w*) oT r (v*)) = ^(w*,b i ){v*,b :j ){u*,a i o aj) = (u* ® v* ®w*,r 13 or 12 ), 

i,j 

B(y,x < z) = (v*,T r (u*) -< T r (w*)) = , h) (w* , bj) (v* , en -< aj) = (u* ®v* ®w*,r 12 -< r 23 ), 

i,j 

B(y y x,z) = (T r (v*) y T r (u*),w*) = ^(v* ,b t ){u* ,bj){w* ,a t y a ) = (u* <8> v* <g> w* , r 23 y r 13 ). 

Hence B is a 2-cocycle of {A, -<, y) if and only if equation (7.8) holds. By Proposition 8.3, the 
conclusion follows. □ 

Corollary 8.7. Let (A, -<, y) be a pre- alternative algebra and r £ A® A. Assume r is symmetric 
and there exists a nondegenerate symmetric bilinear form h(x, y) on A which is associative in 
the sense that 

(8.11) h(x ~< y, z) = h(x,y y z), Vx,y,z£A. 

Define a linear map (p : A — > A* by (ip(x),y) = h{x,y). Then T r = T r <p : A — > A is an 
Al-operator associated to the bimodule (A,l y ,t^) if and only if r is a symmetric solution of 
PA-equations. In this case, T r satisfies the following equation: 

(8.12) f r (x) o f r (y) = f r (T r (x) yy + x< f r {y)). 
So we can define a pre- alternative algebra structure on A by 

(8.13) x ~< y = x ~< f r (y), xyy = f r {x)yy. 

Proof. It follows from a similar proof as of Corollary 3.7. □ 

Remark 8.8. In fact, a symmetric bilinear form on a pre-alternative algebra (A, -<, y) satisfying 
equation (8.11) is a 2-cocycle of (A, -<, y). 

By a similar proof as of Proposition 3.9, we have the following conclusion: 

Proposition 8.9. Let (A, o) be an alternative algebra. Let (V, L, R) be a bimodule of A and 
(V* , R* , L*) be its dual bimodule. Suppose that Al : V — > A is an Al-operator associated to 
iV,L,R). Then r = Al + tAI is a symmetric solution of PA-equations in Al(V) Xo,L*,R*,o 
where AliV) C A is a pre-alternative algebra given by equation (2.12) and (V* , 0, L* , R* , 0) is a 
bimodule of Al(V). 
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Corollary 8.10. Let (A, -<, >-) be a pre- alternative algebra. Then 

(8.14) r = ^(e; <g> e * + e* <g> e*) 

is a symmetric solution of PA- equations in A Xo,[^,r^,o where {ei,...,e n } is a basis o/ A 
and {e^,...,e*} is i£s dua/ 6asis. Moreover r is nondegenerate and the induced 2-cocycle B of 
A Ko,[* , t * ,o ^4* is given ot/ equation (3.2). 

Proof. It follows by letting V = A, (L,R) = (l y ,t^) and ^4/ = id in Proposition 8.9. □ 

Corollary 8.11. Let (A, -<,y) be a pre- alternative algebra and (As(A),o) be the associated 
alternative algebra. If r is a nondegenerate symmetric solution of PA- equations in A, then there 
is a new compatible pre- alternative algebra structure on As(A) given by 

(8.15) x^y = T r (ll(y)T r - 1 (x)), x y' y = T r (t* (xjT" 1 ^)), Vx,y € A, 
which is just the pre- alternative algebra structure given by 

(8.16) B(x -<' y,z) = B(x,y y z), B(x >-' y, z) = B(y, z -< x), ^x,y,zeA, 

where B is the nondegenerate symmetric 2-cocycle of A induced by r through equation (1.10). 

Proposition 8.12. Let (A, ~<,y,a, (3) be a pre- alternative bialgebra arising from a symmet- 
ric solution r of PA- equations and A*, — [*,t*, — [!,, — t£_ t , [*,t*, — be the corresponding 
matched pair of pre- alternative algebras. 

(1) A cxi ^* ^ s isomorphic to A X-t^,is,rj,-[^ ^4* pre- alternative algebras. 

(2) TTie symmetric solutions of PA-equations are in one-to-one correspondence with linear 
maps T r : A* — > A whose graphs are Lagrangian pre- alternative subalgebras (with respect to the 
bilinear form (3.11) ^ of A K.- t *_ t [* ;t *-[*, A*. 

Proof. It follows from a similar proof as of Proposition 3.13. □ 

9. Comparison between alternative D-bialgebras and pre-alternative 

bialgebras 

The results in the previous sections allow us to compare the alternative D-bialgebras (see 
Appendix A) and pre-alternative bialgebras in terms of the following properties: matched pairs of 
alternative algebras, alternative algebra structures on the direct sum of the alternative algebras 
in the matched pairs, bilinear forms on the direct sum of the alternative algebras in the matched 
pairs, double structures on the direct sum of the alternative algebras in the matched pairs, 
algebraic equations associated to coboundary cases, nondegenerate solutions, ^/-operators of 
alternative algebras and constructions from pre-alternative algebras. We list them in Table 1. 
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Table 1. Comparison between alternative D-bialgebras and pre-alternative bialgebras 



Algebras 


Alternative D-bialgebras 


Pre-alternative bialgebras 


Matched pairs of alternative 
algebras 


(A,A*XXXX) 


(As(A),As(A*),tZ>, RL, 


Alternative algebra structures on 
the direct sum of the alternative 
algebras in the matched pairs 


alternative 
analogues of Manin 
triples 


phase spaces 


Bilinear forms on 
the direct sum of the alternative 
algebras in the matched pairs 


symmetric 


skew-symmetric 


{x + a*,y + b*) 
= (x,b*) + (a*,y) 


(x + a\y + b*) 
= -(x,b*) + (a*,y) 


invariant 


symplectic forms 


Double structures on 
the direct sum of the alternative 
algebras in the matched pairs 


Drinfeld's doubles 


Drinfeld's symplectic 
doubles 


Algebraic equations associated 
to coboundary cases 


skew-symmetric solutions 


symmetric solutions 


alternative YBEs in 
alternative algebras 


PA-equations in 
pre-alternative algebras 


Nondegenerate solutions 


symplectic forms of 
alternative algebras 


2-cocycles of pre-alternative 
algebras 


Al-operators 


associated to (t*, I*) 


associated to (tZ> , RL ) 


skew-symmetric parts 


symmetric parts 


Constructions from 
pre-alternative algebras 


n 

r = £ (ei <g> e* - e* <g> a) 
i=l 


n 

r = E( e i ® e * + e * 
i=l 


induced bilinear forms 
(x + a*,y + b*) 
= -(x,b*) + (a*,y) 


induced bilinear forms 

(x + a*,y + b*) 
= {x,b*) + (a*,y) 



From Table 1 we observe that there is a clear analogy between the alternative D-bialgebras and 
pre-alternative bialgebras. Moreover, due to the correspondences between certain symmetries 
and skew-symmetries appearing in the table, we regard it as a kind of duality. 

Appendix: Another approach to alternative D-bialgebras 

In this section we prove the main results of [G] by using a slightly different method (in fact, we 
will prove some results which are a little stronger than [H])- Moreover, there will be some more 
results like the "Drinfeld's double" theorem for an alternative bialgebra (Theorem All) and a 
homomorphism property of an alternative bialgebra (Theorem A12), which were not presented 
in [G] . We omit the proofs since they are quite similar to the study of pre-alternative bialgebras. 
Theorem Al Let (A, o) be an alternative algebra and (A*,*) be an alternative algebra induced 
by a linear map A : A —* A ® A. Then (A, o, A) is an alternative D-bialgebras if and only if 
(A, A*,t*, l*,t*, [*) is a matched pair of alternative algebras. 

Theorem A2 Let (A, o, A) be an alternative algebra equipped with a linear map A : A — > 
A (g> A such that A* : A* (g> A* — ► A* induces an alternative algebra structure on A* . Then 
(A, A*, r , lojt*) I*) is a matched pair of alternative algebras if and only if the following equations 
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hold: 



(A.l) A(xoy) = (-lo(x)®l + l®SlM (aj))A(i/) + (t (j/)®l)A(s) + (to(y)®l-l®Io(l/))TA(x), 

(A.2) A(x oy) = (2ls5 (y) ® 1 - 1 ® t D (?/)) A(x) + (1 ® ( (x))A(y) + (1 ® l Q (x) - t D (x) ® l)rA(y), 

(A.3) A(x o y + y o x ) = (to(y) (8) 1 + 1 ® l D (y))A(x) + (1 <g> ( (x) + t (x) ® l)A(y), 

(A.4) (A + rA)(xoy) = (t (y)®l)A(x) + (l®to(y))rA(x) + ([ (x)® l)rA(y) + (l® [ (x))A(y), 



where x,y € A, the multiplication * is induced by A and 2lss = [ Q + r . 

Remark A3 Note that equations (A.l) and (A.4) have already appeared in [G] (Lemma 2). 
Definition A4 An alternative bialgebra (A, o, A) is called coboundary if there exists an r £ 
A ® ^4 such that A is given by 



Remark A5 Note that the above definition is as the same as Definition 3.3. 

Lemma A6 Let A be a vector space. Then a linear map A : A — > A® A induces an alternative 

algebra structure on A* if and only if the following two equations hold: (for any x,y £ A) 

(A.6) (A ® l)A(x) + (r ® 1)(A ® l)A(x) = (1 ® A)A(x) + (r ® 1)(1 ® A)A(x), 
(A.7) (A ® l)A(z) + (1 ® r)(A ® l)A(x) = (1 ® A)A(x) + (1 ® r)(l ® A)A(x). 

Definition A7 Let (A, o) be an alternative algebra. The following equations are called .Aj- 
equations (i = 1,2) in A respectively: 

(A.8) A 1 = r 23 o m - ri3 o r 23 - n 2 o r 13 = 0, 

(A.9) A 2 = ri 2 o r 23 - r 23 o n 3 - r i3 o r i2 = 0. 

Note that A\ given by equation (A.9) is exactly Ca{.t) given by equation (3.5). 
Proposition A8 Let (A,o) be an alternative algebra and r £ A ® A. If r is skew- symmetric, 
then A\ and A 2 are the same. 

Proposition A9 Let (A, o) be an alternative algebra. Let r £ A ® A be skew-symmetric. 
Define a linear map A : A — > A ® A by equation (A. 5). Then A induces an alternative algebra 
structure on A* if and only if the following equations hold: 



(A.5) 



A(x) = (to(ar) ® 1 - 1® l (x))r, Vx £ A. 



(A.10) 



- (r D (x) ® 1 ® I) Ax - (1 ® r (x) ® 1)A 2 + (1 ® 1 ® [ (x))(vli + A 2 ) = 0, 



(A.ll) 

for any x £ A. 



(t (x) ® 1 ® l)(Ai + A 2 ) + (1 ® Io(x) ® 1)^2 + (1 ® 1 ® lo(a;))Ai = 0, 
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Theorem A10 ([G]. Theorem 2) Zei (^4, o) 6e an alternative algebra and r £ A® A. Let 
A : A ^ A be a linear map defined by equation (A. 5). If r is a skew- symmetric solution of 
alternative Yang-Baxter equation in A, then {A, o, A) is an alternative bialgebra. 
Theorem All Let (A, o, Aa) be an alternative bialgebra. Then there is a canonical alternative 
bialgebra structure on A © A* such that the inclusion i\ : A — > A © A* is a homomorphism of 
alternative bialgebras, which the alternative bialgebra structure on A is given by (A, o, — A^) 
and the inclusion i2 ■ A* — > A © A* is a homomorphism of alternative bialgebras, which the 
alternative bialgebra structure on A* is given by (A* ,*, A#), where "*" is induced by Aa and 
the alternative algebra structure "a" on A is induced by Ab - A* — > A* © A* . 
Theorem A12 Let (A, o, A) be an alternative bialgebra arising from a solution r of alternative 
Yang-Baxter equation in A. Then T r is a homomorphism of alternative bialgebras from (A* , *, 5) 
to (A, o, — A), where "* " is induced by A and the alternative algebra structure "o " on A is induced 
by5:A*^ A* © A*. 
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